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Abstract
Let k be a separably closed field. Let G be a reductive algebraic k-group. We study
Serre’s notion of complete reducibility of subgroups of G over k. In particular, using the
recently proved center conjecture of Tits, we show that the centralizer of a k-subgroup H
of G is G-completely reducible over k if it is reductive and H is G-completely reducible
over k. We show that a regular reductive k-subgroup of G is G-completely reducible over
k. We present examples where the number of overgroups of irreducible subgroups and the
number of G(k)-conjugacy classes of k-anisotropic unipotent elements are infinite.
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1 Introduction
Let k be an arbitrary field. Let k be an algebraic closure of k. Let H be a (possibly
non-connected) affine algebraic k-group, that is a (possibly non-connected) k-defined affine
algebraic group with a k-structure in the sense of Borel [9, AG.12.1]. We write Ru,k(H) for
the unique maximal smooth connected unipotent normal k-subgroup of H . An affine algebraic
k-group H is pseudo-reductive if Ru,k(H) = 1 [12, Def. 1.1.1], and reductive if the unipotent
radical Ru(H) = 1. Throughout, we write G for a (possibly non-connected) reductive algebraic
k-group. Following Serre [28, Sec. 3], define
Definition 1.1. A (possibly non-k-defined) closed subgroup H < G is G-completely reducible
over k (G-cr over k for short) if whenever H is contained in a k-defined R-parabolic subgroup
P of G, it is contained in some k-defined R-Levi subgroup of P . In particular, if H is not
contained in any k-defined proper R-parabolic subgroup, H is G-irreducible over k (G-ir over
k for short).
For the definition of R-parabolic subgroups and R-Levi subgroups, see Definition 2.2. If G
is connected, R-parabolic subgroups and R-Levi subgroups are parabolic subgroups and Levi
subgroups in the usual sense. Definition 1.1 extends usual Serre’s definition in the following
sense: 1. H < G is not necessarily k-defined, 2. G is not necessarily connected. Definition 1.1
was used in [3] and [38]. By a subgroup of G, we always mean a closed subgroup of G.
The notion of complete reducibility generalizes that of complete reducibility in represen-
tation theory, and it has been much studied. However most studies assume k = k and G is
connected; see [5],[18],[31] for example. We say that H < G is G-cr when it is G-cr over k. Not
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much is known about complete reducibility over an arbitrary k except a few general results and
important examples in [3], [6], [7, Sec. 7], [8], [38], [36, Thm. 1.8], [37, Sec. 4].
Let ks be a separable closure of k. Recall that if k is perfect, we have ks = k. The following
result [6, Thm. 1.1] shows that if k is perfect and G is connected, most results in this paper
just reduce to the algebraically closed case.
Proposition 1.2. Let k be a field. Let G be connected. Then a k-subgroup H of G is G-cr
over k if and only if H is G-cr over ks.
We write G(k) for the set of k-points of G. For H < G, we write H(k) := G(k) ∩H . By
H , we mean the Zariski closure of H . We write CG(H) for the set-theoretic centralizer of H
in G. Centralizers of subgroups of G are important to understand the subgroup structure of
G [1], [2] [20], [30]. Recall the following [5, Prop. 3.12, Cor. 3.17]:
Proposition 1.3. Let k = k. Suppose that a subgroup H of G is G-cr. Then CG(H) is
reductive, and moreover it is G-cr.
Note that any G-cr subgroup of G is reductive [28, Prop. 4.1]. It is natural to ask (cf. [38,
Open Problem 1.13]):
Open Problem 1.4. Let k be a field. Suppose that a k-subgroup H of G is G-cr over k. Is
CG(H) G-cr over k? Is CG(H)(ks) G-cr over k?
Even ifH is k-defined, CG(H) is not necessarily k-defined; see [38, Theorem 1.2] for examples
of non-k-defined CG(H). See Lemma 6.9 and [3, Prop. 7.4] for some k-definability criteria for
CG(H). Let Γ := Gal(ks/k) = Gal(k/k). Note that CG(H)(ks) is the unique maximal k-defined
subgroup of CG(H); it is k-defined by [9, Prop. 14.2] since it is ks-defined and Γ-stable. Also
note that the slightly different notation CG(ks)(H) was used in [12, Lem. C.4.1] for CG(H)(ks)
(they are the same, we follow the notation in [3]). Our principal result is the following.
Theorem 1.5. Let k = ks. Let G be connected. Suppose that a k-subgroup H of G is G-cr
over k.
1. If CG(H)(k) is pseudo-reductive, then it is G-cr over k,
2. If CG(H) is reductive, then it is G-cr over k.
Recall the following [38, Prop. 1.14]:
Proposition 1.6. Let k = ks. Let G be connected. Let H be a k-subgroup of G. If H is G-ir
over k, then CG(H) is G-cr over k.
Theorem 1.5 and Proposition 1.6 give a partial affirmative answer to Open Problem 1.4.
However, in [38, Rem. 3.9], it was shown that there exists a k-subgroupH ofG with the following
properties: 1. H is G-cr over k, 2. CG(H) is k-defined, 3. CG(H) is not pseudo-reductive. This
result suggests a negative answer to Open problem 1.4 since reductivity of CG(H) was crucial
to show that CG(H) is G-cr in the proof of Proposition 1.3.
Although we cannot solve Open problem 1.4 completely, using various group theoretic ar-
guments we extend a number of results in [5] on the structure of G-cr subgroups to a separably
closed k, see Theorems 3.2 and 4.3 for example.
Note that in Propositions 1.3, 1.6 and Theorems 1.5, 4.3 we assume G to be connected.
This is because the proofs of these results depend on the following (Theorem 1.7) that is a
consequence of the recently proved center conjecture of Tits [15], [23], [25], [28, Sec. 2.4], [32,
Lem. 1.2], [38, Sec. 3.1].
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Theorem 1.7. Let k be a field. Let G be connected. Let ∆(G) be the spherical building of
G. Let H be a (possibly non-k-defined) subgroup of G that is not G-cr over k. Let ∆(G)H be
the fixed point subcomplex of ∆(G). Then there exists a simplex in ∆(G)H that is fixed by all
building automorphisms of ∆(G) stabilizing ∆(G)H .
Recall that each simplex of ∆(G) is identified with a proper k-parabolic subgroup of G [33,
Thm. 5.2], and ∆(G)H is identified with the set of k-parabolic subgroups containing H [28,
Sec. 2]. Now let G be non-connected reductive. Note that ∆(G) = ∆(G◦) by definition. Let
Λ(G) be the set of k-defined R-parabolic subgroups of G. Let Λ(G)H be the set of k-defined
R-parabolic subgroups of G containing H .
Theorem 1.8. Let k be a field. Let G˜ = SL3. Let G = G˜ ⋊ 〈σ〉 where σ is the non-trivial
graph automorphism of G˜. Then there exists a k-subgroup H of G such that H is not G-cr over
k and Λ(G)H is not a subset of ∆(G). Moreover, Λ(G) ordered by reversed inclusion does not
form a simplicial complex in the sense of [33, Thm. 5.2].
Theorem 1.8 shows that we cannot use Theorem 1.7 to extend Propositions 1.3, 1.6 and
Theorems 1.5, 4.3 to non-connected G. Before finishing this section, we consider a problem
with a slightly different flavor. In [21, Thm. 1], Liebeck and Testerman showed that:
Proposition 1.9. Let k = k. Let G be a semisimple. Suppose that H is a connected subgroup
of G and H is G-ir. Then H has only finitely many overgroups.
We show that:
Theorem 1.10. Let k be a nonperfect field of characteristic 2. Let G := PGL4. Then there
exists a connected k-subgroup H of G such that H is G-ir over k and H has infinitely many
(non-k-defined) overgroups.
Here is the structure of the paper. In Section 2, we set out the notation. In Sections 3 and 4,
we prove Theorems 3.2 and 4.3, respectively. Then in Section 5, we discuss some relationships
between complete reducibility and linear reductivity. In Section 6, we prove Theorem 1.5. In
Sections 7 and 8, we prove Theorems 1.8 and 1.10, respectively. Finally, in Section 9, we present
an example where the number of G(k)-conjugacy classes of k-anisotropic unipotent elements of
G(k) is infinite. This paper complements the author’s previous work on rationality problems
for complete reducibility [38].
2 Preliminaries
Throughout, we denote by k an arbitrary field. Our basic references for algebraic groups
are [9], [10], [12], and [29]. We write G for a (possibly non-connected) reductive k-group. We
write Xk(G) and Yk(G) for the set of k-characters and k-cocharacters of G respectively. For
an algebraic group H , we write H◦ for the identity component of H .
Fix a maximal k-split torus T of G. We write Ψk(G, T ) for the set of k-roots of G with
respect to T [9, 21.1]. We sometimes write Ψk(G) for Ψk(G, T ). Let ζ ∈ Ψk(G). We write Uζ
for the corresponding root subgroup of G. Let ζ, ξ ∈ Ψk(G). Let ξ
∨ be the coroot corresponding
to ξ. Then ζ ◦ ξ∨ : k
∗
→ k
∗
is a k-homomorphism such that (ζ ◦ ξ∨)(a) = an for some n ∈ Z.
Let sξ denote the reflection corresponding to ξ in the Weyl group Wk relative to T . Each sξ
acts on the set of roots Ψk(G) by the following formula [29, Lem. 7.1.8]: sξ ·ζ = ζ−〈ζ, ξ
∨〉ξ. By
[11, Prop. 6.4.2, Lem. 7.2.1] we can choose k-homomorphisms ǫζ : k → Uζ so that nξǫζ(a)n
−1
ξ =
ǫsξ·ζ(±a) where nξ = ǫξ(1)ǫ−ξ(−1)ǫξ(1).
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We are going to recall below the notions of R-parabolic subgroups and R-Levi subgroups
from [27, Sec. 2.1–2.3]. These notions are essential to define G-complete reducibility for sub-
groups of non-connected reductive groups; see [4] and [5, Sec. 6]. First we need a definition of
a limit.
Definition 2.1. Let X be a k-affine variety. Let φ : k
∗
→ X be a k-morphism of k-affine
varieties. We say that lim
a→0
φ(a) exists if there exists a k-morphism φˆ : k → X (necessarily
unique) whose restriction to k
∗
is φ. If this limit exists, we set lim
a→0
φ(a) = φˆ(0).
Definition 2.2. Let λ ∈ Yk(G). Define Pλ := {g ∈ G | lim
a→0
λ(a)gλ(a)−1 exists},
Lλ := {g ∈ G | lim
a→0
λ(a)gλ(a)−1 = g}, Ru(Pλ) := {g ∈ G | lim
a→0
λ(a)gλ(a)−1 = 1}. We call
Pλ an R-parabolic subgroup of G, Lλ an R-Levi subgroup of Pλ. Note that Ru(Pλ) is the
unipotent radical of Pλ.
If λ is k-defined, Pλ, Lλ, and Ru(Pλ) are k-defined [8, Lem. 2.5]. It is well known that
Lλ = CG(λ(k
∗
)). Note that if k = ks, for a k-defined R-parabolic subgroup P of G and a
k-defined R-Levi subgroup L of P there exists λ ∈ Yk(G) such that P = Pλ and L = Lλ [8,
Lem. 2.5, Cor. 2.6].
Let M be a reductive k-subgroup of G. Then there is a natural inclusion Yk(M) ⊆ Yk(G)
of k-cocharacters. Let λ ∈ Yk(M). We write Pλ(G) or just Pλ for the k-defined R-parabolic
subgroup of G corresponding to λ, and Pλ(M) for the k-defined R-parabolic subgroup of M
corresponding to λ. It is clear that Pλ(M) = Pλ(G) ∩M and Ru(Pλ(M)) = Ru(Pλ(G)) ∩M .
The next result is a consequence of Theorem 1.7, and we use it repeatedly.
Proposition 2.3. Let k = ks. Let G be connected. Suppose that a (possibly non-k-defined)
subgroup H of G is not G-cr over k. If a k-subgroup N of G normalizes H, then there exist a
proper k-parabolic subgroup of G containing H and N .
Proof. By [38, Prop. 3.3], there exists a proper k-parabolic subgroup P containing H and N(k).
Since the ks-points are dense in N by [9, AG.13.3], P contains H and N .
3 Complete reducibility and strong reductivity
In this paper, we extend various other results concerning complete reducibility in [5] to an
arbitrary k. First, we extend the notion of strong reductivity [27, Def. 16.1].
Definition 3.1. Let k = ks. Let H be a subgroup of G. Then H is strongly reductive over k in
G if H is not contained in any proper k-defined R-parabolic subgroup of the reductive k-group
CG(S), where S is a maximal k-torus of CG(H).
Note that this definition does not depend on the choice of S. Also note that Definitions 3.1
(and 4.1 below) make sense even if H is not k-defined. We generalize [5, Thm. 3.1], which was
the main result of [5].
Theorem 3.2. Let k = ks. Let H be a (possibly non-k-defined) subgroup of G. Then H is
G-cr over k if and only if H is strongly reductive over k in G.
Proof. Suppose that H is G-cr over k. Let S be a maximal k-defined torus of CG(H). Suppose
that S is central in G. Then CG(S) = G. Suppose that H is contained in a proper k-defined
R-parabolic subgroup P of G. Then there exists a k-defined R-Levi subgroup L of P containing
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H since H is G-cr over k. Since k = ks, we can set L = Lλ and P = Pλ for some λ ∈ Yk(G).
Then λ(k
∗
) < CG(H) and λ(k
∗
) is a connected commutative non-central k-subgroup of G.
Now let C := CG(H)(ks). Then C is the unique maximal k-defined subgroup of CG(H). Since
k = ks, maximal k-tori of C are G(k)-conjugate by [9, Thm. 20.9]. Then λ(k
∗
) < S since
S is central in G. This is a contradiction. So H cannot be contained in a proper k-defined
R-parabolic subgroup of G. Therefore H is strongly reductive over k.
Now we assume S is non-central in G. Suppose that H is contained in a k-defined proper
R-parabolic subgroup Q of CG(S). Note that CG(S) is a k-defined R-Levi subgroup of G ([5,
Cor. 6.10]). Then by the rational version of [5, Lem. 6.2(ii)] (note that [5, Lem. 6.2(ii)] is for
k = k, but the same proof works work by word if we set P = Pλ, P
′ = P ′µ, and L = Lλ for
λ ∈ Yk(G) in the proof), there exists a k-defined proper R-parabolic subgroup Pµ of G such
that Q = CG(S) ∩ Pµ. It is clear that S < Q < Pµ. Since H is G-cr over k, there exists a
k-defined R-Levi subgroup L of Pµ containing H . Without loss we set L = Lµ. Then µ(k
∗
) is
a k-torus in CPµ (H). Since S is contained in Pµ and S is a maximal k-torus of CG(H), S is
a maximal k-torus of CPµ(H). Since k = ks, by the same argument as in the first paragraph,
we have gµ(k
∗
)g−1 < S for some g ∈ Pµ(k). Then CG(S) < CG(gµ(k
∗
)g−1) = gLµg
−1 < Pµ.
Therefore Q = CG(S), which is a contradiction.
Now suppose that H is strongly reductive over k. Let S be a maximal k-torus of CG(H).
Then H is not contained in any proper k-defined R-parabolic subgroup of CG(S). Let L :=
CG(S). Let Q be a k-defined R-parabolic subgroup of G containing L as a k-Levi subgroup.
Then by the rational version of [5, Lem. 6.2(ii)], Q is minimal among all k-defined R-parabolic
subgroups of G containing H . Let P be a k-defined R-parabolic subgroup of G containing H .
Our goal is to find a k-defined R-Levi subgroup of P containing H .
If P ′ is a k-defined R-parabolic subgroup of G such that P ′ < P and M ′ is a k-defined
R-Levi subgroup of P ′, then, by [5, Cor. 6.6], there exists a unique k-defined R-Levi subgroup
M ′′ of P containing M ′. But M ′′ is k-defined by [8, Lem. 2.5(iii)]. So, we assume that P is
minimal among all k-defined R-parabolic subgroups of G containing H . By [9, Prop. 20.7],
P ∩Q contains a maximal k-torus T of G. We see that there exists a (possibly non-k-defined)
common R-Levi subgroup M of P and Q containing T by a similar argument to that in the
proof of [5, Thm. 3.1] (use [5, Lem. 6.2] where necessary). Since T is k-defined, M is k-defined
by [8, Lem. 2.5(iii)].
Let P− be the unique opposite of P such that M = P ∩ P−. By the argument in the third
paragraph of the proof of [5, Thm. 3.1], we have
Ru(Q) = (Ru(Q) ∩M)(Ru(Q) ∩Ru(P
−))(Ru(Q) ∩Ru(P )).
It is clear that Ru(Q) ∩M is trivial. Since L and M are k-defined R-Levi subgroups of Q,
there exists u′ ∈ Ru(Q)(k) such that u
′Mu′−1 = L by [8, Lem. 2.5(iii)]. Using the rational
version of the Bruhat decomposition ([9, Thm. 21.15]), we can express u′ as u′ = yz where
y ∈ (Ru(Q) ∩ Ru(P
−))(k) and z ∈ (Ru(Q) ∩ Ru(P ))(k). Note that zMz
−1 is a k-defined
common R-Levi subgroup of P and Q because z ∈ (Ru(Q) ∩ Ru(P ))(k). So, without loss,
we may assume z = 1. Then yMy−1 = L and L < P−. Since L contains H , we have
H < P ∩ P− =M . We are done.
Remark 3.3. This result shows that Richardson’s various results on strongly reductivity in [27]
and [26] may be extended to an arbitrary (or a separably closed) k using methods and results
in this paper.
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4 Complete reducibility and regular subgroups
Generalizing the notion of a regular subgroup of G [18], [19], define:
Definition 4.1. A (possibly non-k-defined) subgroup H of G is k-regular if H is normalized
by a maximal k-torus of G.
We extend [5, Prop. 3.19].
Lemma 4.2. Let k = ks. Let H be a reductive k-subgroup of G. Let K be a (possibly non-k-
defined) subgroup of H. Suppose that H contains a maximal k-torus of CG(K) and that K is
G-cr over k. Then K is H-cr over k and H is G-cr over k.
Proof. Let S be a maximal k-torus of CG(K) contained in H . Then S is a maximal k-torus
of CH(K). Since K is G-cr over k, K is CG(S)-ir over k by Theorem 3.2. Note that K <
CH(S) < CG(S). So K is CH(S)-ir over k. Thus K is H-cr over k by Theorem 3.2.
Let P be a k-defined R-parabolic subgroup of G containing H . Then P contains K. Since
K is G-cr over k, by the same argument as in the second paragraph of the proof of Theo-
rem 3.2, there exists λ ∈ Yk(G) such that CG(S) < Lλ and P = Pλ. Thus we have λ(k
∗
) <
CG(CG(S))
◦ = Z(CG(S))
◦. It is clear that S < Z(CG(S))
◦. We have Z(CG(S))
◦ < CG(K).
By [9, Thm. 18.2], Z(CG(S))
◦ is k-defined. Since S is a maximal k-torus of CG(K), we have
S = Z(CG(S))
◦. Thus λ(k
∗
) < S < H . So λ ∈ Yk(H). Thus we have Pλ(H) = Pλ ∩H = H .
So λ ∈ Yk(Z(H)). Then H < CG(λ(k
∗
)) = Lλ, and we are done.
The following the main result in this section. We extend [5, Prop. 3.20].
Theorem 4.3. Let k = ks. Let G be connected. Let H be a k-regular reductive k-subgroup of
G. Then H is G-cr over k.
Proof. Let T be a maximal k-torus of G normalizing H . Then if we show that TH is G-cr over
k, by [38, Prop. 3.5] we are done since H is a normal subgroup of the k-group TH . Note that
CG(T ) = T and T is G-cr over k by [3, Cor. 9.8]. Applying Lemma 4.2 to T < TH < G, we
obtain the desired result.
5 Complete reducibility and linear reductivity
In this section we assume that G is connected. Recall that a subgroup H of G is called
linearly reductive if every rational representation of H is completely reducible. It is known that
a linearly reductive subgroup H of G is G-cr [5, Lem. 2.6] and if H is k-defined, it is G-cr over
k [3, Cor. 9.8].
It is clear that the converse of Proposition 1.3 is false; take H to be a Borel subgroup of G.
However we have the following partial converse [5, Cor. 3.18]:
Lemma 5.1. Let k = k. Let H be a subgroup of G. If CG(H) is G-ir, then H is linearly
reductive. In particular, H is G-cr.
The previous lemma was a consequence of the following [5, Lem. 3.38]:
Lemma 5.2. Let k = k. Let H be a subgroup of G. If H is G-ir, then CG(H) is linearly
reductive.
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Remark 5.3. A natural analogue of Lemmas 5.1 and 5.2 for an arbitrary field k is false even if
H is k-defined. Let k be a nonperfect field of characteristic 2. Let a ∈ k\k2. Let G = PGL2.
We write A for the image in PGL2 of A ∈ GL2. Let H :=
{[
x ay
y x
]
∈ PGL2(k) | x, y ∈ k
}
.
Then H is G-ir over k since H contains the element u :=
[
0 a
1 0
]
, which is a k-anisotropic
unipotent element; see [38, Ex. 3.8]. It is clear that CG(H) = H is not a torus. So, by [24,
Thm. 2], CG(H) = H is not linearly reductive. We see that H is not G-cr since H is unipotent.
Definition 5.4. A unipotent element u ∈ G(k) is called k-plongeable if u belongs to the
unipotent radical of some proper k-parabolic subgroup of G.
Note that a unipotent element u in Remark 5.3 is k-nonplongeable. For more on k-
nonplongeable unipotent elements, see [14], [34], [35]. Recall the following deep result which
was conjectured by Tits [35] and proved by Gille [13]:
Proposition 5.5. Let k = ks. Let G be a semisimple simply connected k-group. If [k : k
p] ≤ p,
then every unipotent subgroup of G(k) is k-plongeable.
The following are partial extensions of Lemmas 5.2 and 5.1 to a separably closed k under
the k-plongeability hypothesis (see Remark 5.8 below).
Proposition 5.6. Let k = ks. Suppose that a k-subgroup H of G is G-ir over k. Let C :=
CG(H)(k) (or CG(H)). If every unipotent element of G(k) is k-plongeable (in particular if G
and k satisfy the hypothesis of Proposition 5.5), then every element of C(k) is semisimple.
Proof. Let C := CG(H)(k). Suppose that there exists a non-trivial unipotent element u ∈ C(k).
Since we assumed that every unipotent element of G(k) (hence every element of C(k)) is k-
plongeable, there exists a proper k-parabolic subgroup P of G such that u ∈ Ru(P ). Then, it is
clear that the subgroup U := 〈u〉 is not G-cr over k. Since H normalizes U and H is k-defined,
by Proposition 2.3, there exists a proper k-parabolic subgroup P ′ of G containing U and H .
This is a contradiction. Therefore every element of C(k) is semisimple. The same argument
works for C := CG(H).
Proposition 5.7. Let k = ks. Let H be a subgroup of G. Suppose that C := CG(H)(k) is
G-ir over k. If every unipotent element of H(k) is k-plongeable, then every element of H(k) is
semisimple.
Proof. Swap the roles of H and CG(H)(k) in the proof of Proposition 5.6.
Remark 5.8. We do not know whether C in Proposition 5.6 (or H in Proposition 5.7) is linearly
reductive. For that purpose we need to know whether every element of C(k) (or H(k)) is
semisimple [24, Thm. 2].
Recall that [5, Def. 3.27], a subgroup H of G is called separable if the scheme theoretic
centralizer of H in G (in the sense of [12, Def. A.1.9]) is smooth. It is known that every
subgroup of GLn is separable [5, Ex. 3.28]. The following is a generalization of [5, Lem. 2.6
and Cor. 3.17].
Proposition 5.9. Suppose that a k-subgroup H of G is linearly reductive. Then CG(H) is
k-defined and G-cr over k.
Proof. Since H is linearly reductive, it is G-cr [5, Lem. 2.6]. So CG(H) is reductive by [5,
Prop. 3.12]. Then CG(H) is G-cr over k by Theorem 1.5. Since H is linearly reductive, H is
separable in G. So, by the proof of [3, Prop. 7.4], CG(H) is k-defined since H is k-defined.
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6 Centralizers of completely reducible subgroups
Proof of Theorem 1.5. We start with the first part of the theorem. Let C := CG(H)(k). Let
P be a k-parabolic subgroup of G such that HC < P . Since H is G-cr over k, there exists a
k-Levi subgroup L of P with H < L. Let λ be a k-cocharacter of G such that P = Pλ and
L = Lλ. Then λ is a cocharacter of C. We have C = (C ∩ L)(C ∩Ru(P )). Since λ normalizes
C, by [3, Prop. 2.2] C ∩Ru(P ) is k-defined. For u ∈ (C ∩Ru(P ))(k), we define a k-morphism
φu : k → C ∩Ru(P ) by φu(0) = 1 and φu(t) = λ(t)uλ(t)
−1 for t ∈ k
∗
. Then the image of φu is
a connected k-subvariety of C ∩Ru(P ) containing 1 and φu(1) = u. Then C ∩Ru(P ) must be
trivial since C is pseudo-reductive. Thus C < L. Therefore HC is G-cr over k. Note that C is
a normal subgroup of the k-defined subgroup HC. So by [38, Prop. 3.5], C is G-cr over k.
For the second part, the same argument shows thatHCG(H) is G-cr over k since we assumed
that CG(H) is reductive. However, if CG(H) is not k-defined we cannot apply [38, Prop. 3.5]
to conclude that CG(H) is G-cr over k. We need a different argument. Let P
′ be a minimal
k-parabolic subgroup of G containing HCG(H). Since HCG(H) is G-cr over k, there exists a
k-Levi subgroup L′ of P ′ containing HCG(H). If CG(H) is L
′-cr over k, it is G-cr over k by [38,
Lem. 3.4]. Otherwise, by [38, Lem. 3.4] and Proposition 2.3, there exist a proper k-parabolic
subgroup PL′ of L
′ containing CG(H) and H since H is k-defined and H normalizes CG(H).
Note that PL′ ⋉Ru(P
′) is a k-parabolic subgroup of G by [10, Prop. 4.4(c)] and it is properly
contained in P ′. This contradicts the minimality of P ′.
The following are further consequences of Theorem 1.7, and they all deal with special cases
of Open Problem 1.4.
Proposition 6.1. Let k = ks. Let G be connected. If a k-subgroup H of G is G-cr over k and
if CG(H)(k)
◦
(or CG(H)
◦
) is unipotent, then CG(H)(k) (or CG(H)) is G-cr over k.
Proof. Let C := CG(H). Suppose that C is not G-cr over k. By Proposition 2.3 there exists a
k-defined proper parabolic subgroup Pλ of G containing H and C. Then there exists a k-Levi
subgroup L of Pλ containing H since H is G-cr over k. Without loss, we assume L = Lλ. Then
λ(k
∗
) < C◦ since λ(k
∗
) is connected. So λ must be trivial since C◦ is unipotent. This is a
contradiction. The other case can be shown in the same way.
Remark 6.2. See [38, Sec. 4,5] for examples of a k-subgroupH of connected G (or non-connected
G) such that: 1. H is G-cr over k, 2. CG(H) (or CG(H)(ks)) is unipotent.
Corollary 6.3. Let k = ks. Let G be connected. Let H be a k-subgroup of G. If H is G-ir
over k, then CG(H)(k) is G-cr over k.
Proof. By Proposition 2.3, there exists a proper k-parabolic subgroup of G containing H and
CG(H)(k). This is a contradiction since H is G-ir over k.
Corollary 6.4. Let k = ks. Let G be connected. Let H be a (possibly non-k-defined) subgroup
of G. If CG(H)(k) is G-ir over k, then H is G-cr over k.
Proof. The same proof as that of Corollary 6.3 works.
Remark 6.5. In Corollary 6.4, we cannot replace CG(H)(k) by CG(H) even if H is k-defined;
if CG(H) is not k-defined, there might not be any proper k-parabolic subgroup containing H
and CG(H). It would be interesting to know whether such examples exist.
By a similar argument to that in the proof of Corollary 6.3, we obtain:
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Corollary 6.6. Let k = ks. Let G be connected. If a k-subgroup H of G is G-ir over k, then
NG(H) and NG(H)(k) are G-cr over k.
Corollary 6.7. Let k = ks. Let G be connected. Let H be a (possibly non-k-defined) subgroup
of G. If NG(H)(k) is G-ir over k, then H is G-cr over k.
It is natural to ask:
Open Problem 6.8. Let k be a field. Suppose that a k-subgroup H of G is G-cr over k. Is
NG(H) G-cr over k? Is NG(H)(ks) G-cr over k?
Propositions 6.10 and 6.11 below show that if we allow H to be non-k-defined, the answer
to Open Problem 1.4 is no. First we need [3, Prop. 7.4]
Lemma 6.9. Let k be a field. If a k-subgroup H of G is separable in G, then CG(H)
◦ is
k-defined.
Proposition 6.10. Let k be a nonperfect field of characteristic 3. Let a ∈ k\k3. Let G = GL4.
Then there exists a k-defined subgroup H of G such that H is G-cr over k but CG(H) is not
G-cr over k.
Proof. Let h1 =


0 0 a 0
1 0 0 0
0 1 0 0
0 0 0 a1/3

, h2 =


1 a1/3 2a2/3 0
0 1 0 0
0 0 1 0
0 0 0 1

. Set H := 〈h1, h2〉.
A simple matrix computation showsCG(H) =




s 0 0 x1
0 s 0 a−1/3x1
0 0 s a−2/3x1
0 0 0 t

 ∈ GL4(k)
∣∣∣∣∣∣∣∣
x1, s, t ∈ k

.
Note that a subgroup H of G = GLn(V ) is G-cr over k if and only if H acts k-semisimply on
V [28, Ex. 3.2.2(a)]. We find by a direct computation thatH acts semisimply on a 4-dimensional
k-vector space in the usual way with k-irreducible summands V1 :=


∗
∗
∗
0

 and V2 :=


0
0
0
∗

.
Hence H is G-cr over k. It is clear that CG(H) is not G-cr over k since V1 is a k-defined
3-dimensional CG(H)-stable subspace with no CG(H) stable complement.
We show that H is not k-defined. First, we see that CG(H)
◦(ks) is not dense in CG(H)
◦,
so CG(H)
◦ is not k-defined by [9, AG. 13.3]. We conclude that by Lemma 6.9, H cannot be
k-defined since H is separable in G.
Proposition 6.11. Let k be a nonperfect field of characteristic p. Let a ∈ k\kp. Let G = GL4.
Then there exists a k-defined subgroup H of G such that H is G-cr over k, but CG(H)(ks) is
not G-cr over k.
Proof. Let h1 =


1 1 1 0
0 1 0 0
0 0 1 0
0 0 0 1

, h2 =


1 0 0 0
a 1 0 0
a1/p 0 1 0
0 0 0 1

. Define H := 〈h1, h2〉. Then
CG(H) =




s 0 0 0
0 t a
p−1
p (s− t) x2
0 s− t (1− a
p−1
p )s+ a
p−1
p t −x2
0 y2 a
p−1
p y2 w

 ∈ GL4(k)
∣∣∣∣∣∣∣∣∣
x2, y2, s, t, w ∈ k


.
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So, CG(H)(ks) =




s 0 0 0
0 s 0 x2
0 0 s −x2
0 0 0 w

 ∈ GL4(k)
∣∣∣∣∣∣∣∣
x2, s, w ∈ k

. A similar argument to that
in the proof of Proposition 6.10 shows that H is G-cr over k and H is not k-defined. It is clear
that CG(H)(ks) is not G-cr over k.
7 On the structure of the set of R-parabolic subgroups
Proof of Theorem 1.8. Let G˜ = SL3. Let G = G˜ ⋊ 〈σ〉 where σ is the nontrivial graph au-
tomorphism of G˜. Fix a k-split maximal torus T , and a k-Borel subgroup B of G containing
T . Let α, β be the simple roots of G corresponding to T and B. Let nα, nβ be the canonical
reflections corresponding to α and β respectively. Let f be the automorphism of G such that
f(A) = (AT )−1. Then we obtain
σ(Pi) = (nαnβnα)f(Pi)(nαnβnα)
−1 for i ∈ {α, β}. (7.1)
In particular, we have σ(Pα) = Pβ , σ(Pβ) = Pα. Let Wk be the Weyl group of G
◦. Then
Wk ∼= S3. We list all canonical representatives of Wk: 1, nα, nβ , nαnβ, nβnα, nαnβnα. Taking
all Wk-conjugates of Pα and Pβ , we obtain all proper maximal k-parabolic subgroups of G
◦
containing T : Pα, Pβ , P−α, P−β , nβ · Pα, nα · Pβ . Using (7.1), we find that none of these
proper maximal k-parabolic subgroups of G◦ is normalized by σ. So, by [5, Prop. 6.1] they are
k-defined proper maximal R-parabolic subgroups of G containing T .
Now we look at k-Borel subgroups of G◦. By taking all Wk-conjugates of B, we obtain all
k-Borel subgroups of G◦ containing T : B, nα ·B, nβB, nαnβ ·B, nβnα ·B, nαnβnα · B.
Lemma 7.1. CYk(T )(σ) = a(α
∨ + β∨), where a ∈ Z.
Proof. Let λ = xα∨+yβ∨. Using (7.1), we obtain σ(λ) = nαnβnα ·(−xα
∨−yβ∨) = yα∨+xβ∨.
Then, for λ ∈ CYk(T )(σ) we must have x = y.
Lemma 7.2. H := 〈σ,B〉 is a k-defined R-parabolic subgroup of G.
Proof. Let λ = α∨ + β∨. By Lemma 7.1, we have σ ∈ Lλ. An easy calculation shows that
Pλ = H .
It is clear that H is not G-cr over k. Note that Λ(G)H = {H}, and H is not a simplex
in ∆(G) = ∆(G0). This gives the first part of the theorem. Consider the set of k-defined
R-parabolic subgroups of G containing T . We have
B < B,B < Pα, B < Pβ , B < Pλ, B < G.
Thus the cardinality of the set of R-parabolic subgroups of G containing B is 5, which is not a
power of 2. So Λ(G) ordered by reverse inclusion is not a simplicial complex (in the sense of [33,
Thm. 5.2]) since it cannot be isomorphic to the partially ordered set of subsets of some finite
set; see Figure 1 where vertices (edges) correspond to k-defined maximal (minimal) R-parabolic
subgroups of G containing T .
Open Problem 7.3. Let k be a field. Let G be non-connected. Suppose that a (possibly non-
k-defined) subgroup H of G is not G-cr over k. If a k-subgroup N of G normalizes H, does
there exist a k-defined proper R-parabolic subgroup of G containing H and N?
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Pα
P−α
Pβ
nβ · PαP−β
nα · Pβ
Pλ
B
B
B
Figure 1: The set of R-parabolic subgroups of G = SL3 containing T
8 The number of overgroups of G-ir subgroups
Recall that Proposition 1.9 depended on the following [21, Lem. 2.1]:
Lemma 8.1. Let k, G, H be as in the hypotheses of Proposition 1.9. Then CG(H) is finite.
However if k is nonperfect, we have
Proposition 8.2. Let k be a nonperfect field of characteristic 2. Let G = PGL2. Then there
exists a connected k-subgroup H of G such that H is G-ir over k but CG(H) is infinite.
Proof. Let a ∈ k\k2. Let H :=
{[
x ay
y x
]
∈ PGL2(k) | x, y ∈ k
}
. Then H is connected and
G-ir over k; see Remark 5.3. We have H = CG(H), and CG(H) is infinite.
Proof of Theorem 1.10. Let a ∈ k\k2. Define
H :=




x ay az aw
w x ay az
z w x ay
y z w x

 ∈ PGL4(k)
∣∣∣∣∣∣∣∣
x, y, z, w ∈ k

. Note that H is the centralizer of a
k-anisotropic unipotent element


0 0 0 a
1 0 0 0
0 1 0 0
0 0 1 0

 of PGL4(k). Then H is connected and G-ir
over k. Note that H is 3-dimensional. Since h4 = 1 for any h ∈ H , H is a unipotent group.
So, for an appropriate element g ∈ G(k), gHg−1 is a (possibly non-k-defined) subgroup of the
6-dimensional group U of upper unitriangular matrices of G. A computation by Magma (using
the standard function UpperTriangularMatrix(·)) shows that there exist some g ∈ G(k) such
that
gHg−1 =




X Y Z W
0 X Y Z
0 0 X Y
0 0 0 X

 ∈ PGL4(k)
∣∣∣∣∣∣∣∣
X,Y, Z,W ∈ k

. Now for each b ∈ k, define
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Hb :=
〈
gHg−1,


1 0 0 0
0 1 0 b
0 0 1 0
0 0 0 1


〉
. Then a quick computation shows that the groups Hb are
distinct. So the groups g−1Hbg are infinitely many overgroups of H .
Open Problem 8.3. Let k be a field. Let G be semisimple algebraic group. Suppose that a
k-subgroup H of G is connected and G-ir over k. Then does H have only finitely many k-defined
overgroups?
9 The number of conjugacy classes of k-anisotropic unipo-
tent elements
Let k = k. Let G/k be conncected reductive. The following are known.
1. There are only finitely many conjugacy classes of unipotent elements in G [22, Thm. 13].
2. There is only a finite number cN of G-conjugacy classes of G-cr subgroups of fixed order
N [5, Cor. 3.8].
3. Moreover, if G is simple, there is a uniform bound on cN that depends only on N and
the type of G but not on k [17, Prop. 2.1].
Now let k be nonperfect, and let G/k be connected reductive. In this section, we show that
the natural analogue of the above results 1, 2, 3 fail at the same time over a nonperfect k.
Proposition 9.1. Let F2 be the finite field with 2 elements. Let k := F2(x) be a function
field over F2. Let G = PGL2. Then there exist infinitely many G(k)-conjugacy classes of
k-anisotropic unipotent elements in G.
Proof. Let pn(x) = x
2·3n+x3
n
+1 ∈ k for n ∈ N. Then each pn(x) is irreducible over F2 by [16,
Ex. 3.96]. Let un =
[
0 pn(x)
1 0
]
. It is clear that un is a unipotent element of order 2. Let
Un := 〈un〉. Let Un act on P
1
k in the usual way. Since no eigenvalue of un belongs to k, there
is no non-trivial k-defined Un-invariant proper subspace of P
1
k. Thus un is k-anisotropic.
Suppose that ui is PGL2(k)-conjugate to uj for some j 6= i. Then there exist m ∈ GL2(k)
and d ∈ k such that mujm
−1 =
[
d 0
0 d
]
ui. Taking determinants on both sides, we obtain
pj(x) = d
2pi(x). Let d := d1/d2 where d1, d2 ∈ F2[x] and d1, d2 have no nontrivial common
factor in F2[x]. Then pj(x)d
2
2 = pi(x)d
2
1. So d
2
1 divides pj(x), but this is a impossible unless
d1 = 1 since pj(x) is irreducible. If d1 = 1, we have pj(x)d
2
2 = pi(x). Then d2 = 1 by the same
argument. This is a contradiction since pi(x) 6= pj(x).
Remark 9.2. The following was pointed out by the referee: it happens very frequently for a
non-algebraically closed k that a simple group G has infinitely many G(k)-conjugacy classes
of unipotent elements (as an easy argument using the Galois cohomology shows). It is known
that if a reductive group G is defined over an local field k and if the characteristic of k is good
for G, there are finitely many G(k)-conjugacy classes of unipotent elements.
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